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Abstract
A tune-out wavelength of an atom is a wavelength of radiation such that the atom’s
polarizability vanishes [1]. It can be used as an alternative to inducing energy shifts
for the purpose of testing quantum electrodynamics (QED). This is done by incorpo-
rating perturbations to the polarizability and calculating a chosen root, i.e. a tune-out
wavelength. Comparison with experiment can determine the effectiveness of the the-
ory from which these perturbations arise. In this study, the calculated 23S - 33P
transition tune-out wavelength for 4He was compared with an interferometry experi-
ment done by Kenneth Baldwin’s group at the Australian National University. The
calculated result of 413.0858252(4) nm, which takes into account fine-structure effects
and other relativistic corrections of order 1
c2
, differs from the experimental value of
413.0938(9stat)(20syst) nm [2] by about 1 part in 10, 000. This discrepancy is suspected
to be due to QED effects such as the atom’s interaction with the vacuum, which is
why QED perturbations should be tested as well in the future. The calculation of the
23S - 33P transition tune-out wavelength basically served as an exercise in studying
the perturbative effects of relativity to the order of 1
c2
.
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Chapter 1
Introduction
When an atom is in an electromagnetic field, the charges redistribute and a dipole
moment forms. The quantity that describes the degree to which this dipole is po-
larized is known as the polarizability. If the field is oscillating i.e. if the field is an
electromagnetic (EM) wave, then the polarizability of the atom becomes a function of
the wavelength of the interacting EM wave. At certain wavelengths, the polarizability
becomes zero. These wavelengths are called tune-out wavelengths and they are the
field wavelengths such that they do not distort the atom [1].
The main reason for calculating and measuring tune-out wavelengths for 4He is to
test quantum electrodynamics (QED) which is the most fundamental physical the-
ory describing all EM phenomena. One way of testing QED is to measure the Lamb
shift, which is the energy shift of the 2S 1
2
- 2P 1
2
transition for hydrogen [?]. Without
incorporating QED, the energies of these two states are degenerate [5], which makes
measuring the Lamb shift suitable for testing QED. A major contribution to this en-
ergy shift is the anomalous magnetic moment, which is a QED correction to the Dirac
magnetic moment [?].
Using interferometric techniques as performed by Baldwin and his group at ANU,
these wavelengths can be measured in order to test the validity of QED without in-
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ducing energy shifts [2][6]. This new method of testing QED, which acts as a test for
the off-diagonal matrix elements has never been done before.
The measurement and calculation of the tune-out wavelength of 4He nearest to the 2
3S - 3 3P transition serves as the best test for QED involving tune-out wavelengths
since this specific tune-out wavelength is most sensitive to dynamical effects [6]. This
tune-out wavelength was measured to be 413.0938(9stat)(20syst) nm according to Bald-
win’s experiment [2].
The method of calculating the theoretical value of the 413 nm tune-out wavelength
is to add relativistic perturbations, and eventually QED perturbations, to the nonrel-
ativistic three-body Schro¨dinger Hamiltonian. Since the polarizability is zero at the
tune-out wavelength, it is necessary to calculate the polarizability first, which by def-
inition is the second order perturbation energy where the perturbation is an external
field. Relativistic perturbations of the first order are then added to the polarizability.
These corrections come from the relativistic kinetic energy, fine-structure splitting and
relativistic finite nuclear mass effects. Once all of the perturbations are included, the
root closest to the 2 3S - 3 3P transition, which is the 413 nm tune-out wavelength, is
computed. The theoretical 413 nm tune-out wavelengths with all of the corrections to
the order α2 are 413.07995862(11) nm for the m = 0 substate 413.08582525(12) nm
for the m = ±1 substates. These are currently the most accurate calculations for the
413 nm tune-out wavelength. The reason why the measured value does not distinguish
between the different magnetic substates is because the difference between the two is
experimentally negligible [2]. The current discrepancy of several femtometres between
theory and experiment is of the same order of magnitude as what the QED correc-
tions should be [7]. Now that the necessary foundation for the theoretical tune-out
wavelength calculation has been formed, future perturbative calculations for the QED
corrections can be made. If there is still a discrepancy between theory and experiment
even after QED has been accounted for, then perhaps it could be accounted for by
new physics, yet to be discovered.
2
Chapter 2
Solutions to the Three Body Problem
Before including any perturbations from the field and relativistic effects in the tune-out
wavelength calculation, it is imperative to understand the solutions to the nonrelativis-
tic three-body problem, upon which the perturbations from the field and relativity are
built. There are two main approximations that are used for such solutions, which are
the finite and infinite nuclear mass approximations. The finite mass approximation
takes into account the motion of the nucleus relative to the centre-of-mass, and the
infinite mass approximation is the Hamiltonian that arises from taking the infinite
mass limit of the nucleus.
The solutions are computed by diagonalizing the Hamiltonian in a discrete variational
basis set and the result is a set of pseudostate solutions.
2.1 Center of Mass Coordinates
The Hamiltonian for the three body problem is shown below
H =
1
2M
p2N +
1
2m
(p21 + p
2
2)−
Ze2
r1
− Ze
2
r2
+
e2
r12
(2.1)
[8]
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where the coordinates r1 (the position of one electron), r2 (the position of the other
electron) and r12 (the distance between the two electrons) determine the geometry of
the system. The potential consists of the Coulomb interaction between each electron
and the nucleus and the interaction between the two electrons.
Figure 2.1: Diagram of Hylleraas Coordinates
To eliminate the centre-of-mass motion, the following substitutions are made to switch
to centre-of-mass coordinates.
~R =
1
M + nm
[M~rN +m(~r1 + ~r2 + . . .)] (2.2)
~si = ~ri − ~rN (2.3)
The following Hamiltonian becomes
H =
1
2µ
(p2s1 + p
2
s2) +
1
2M
~ps1 · ~ps1 + V (s1, s2). (2.4)
The change of coordinates introduces the ~p1 · ~p2 term, known as the mass polarization
term. This perturbation strictly comes from the nuclear mass being finite. In the limit
as M → ∞, the finite mass correction disappears. The infinite mass Hamiltonian is
then
H =
1
2m
(p21 + p
2
2) + V. (2.5)
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It then follows that ~R→ 0 and ~si → ~ri if the position of the nucleus ~rN is taken to be
the origin.
Now that the groundwork has been laid for the finite and infinite mass Hamiltonians,
its solutions can be computed. Since the three body problem cannot be solved exactly,
approximate solutions are obtained variationally by diagonalizing the Hamiltonian.
2.2 Linear Variational Method
The solutions to the three body Hamiltonian are obtained using the variational prin-
ciple. A trial function
Ψtr =
N∑
i
ciφi
where the φi’s form a complete basis set in the limit N →∞ is proposed.
Using this basis set, an expression for the expectation value of the ground state energy
is obtained
Etr =
〈Ψtr|H|Ψtr〉
〈Ψtr|Ψtr〉
=
∑
ij c
∗
i cj〈φi|H|φj〉∑
ij c
∗
i cj〈φi|φj〉
(2.6)
[9]
By employing the following minimization condition,
∂Etr
∂ci
= 0 (2.7)
we obtain the system of N equations
N∑
i=1
(〈φi|H|φk〉 − Etr〈φi|φk〉)ci = 0 (2.8)
[9]
If Eq.(2.8) is re-expressed as the matrix equation,
〈φ1|H|φ1〉 . . . 〈φ1|H|φN 〉
...
. . .
...
〈φN |H|φ1〉 . . . 〈φN |H|φN 〉


c1
...
cN
 = Etr

〈φ1|φ1〉 . . . 〈φ1|φN 〉
...
. . .
...
〈φN |φ1〉 . . . 〈φN |φN 〉


c1
...
cN
 (2.9)
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then the minimization problem becomes equivalent to a generalized eigenvalue prob-
lem, whose solution yields N eigenvalues (E1,...,EN ). The eigenvalues and eigenvectors
are obtained by first diagonalizing the overlap matrix containing the 〈φi|φj〉 elements,
and then diagonalizing the Hamiltonian. The set of basis functions φi can be any set
of functions, provided the functions form a complete set. For our calculations, we use
the Hylleraas basis functions
φm = r
i
1r
j
2r
k
12e
−αr1−βr2YMl1,l2,L(rˆ1, rˆ2)± (r1 ↔ r2) (2.10)
where the subscript m denotes the mth combination of i, j and k and YMl1,l2,L(rˆ1, rˆ2) =∑
m1,m2
Y m1l1 (r1)Y
m2
l2
(r2) × 〈l1l2m1m2 | LM〉 is a vector coupled spherical harmonic.
The advantage of these functions is that the electron-electron coordinate r12 is built
into them. These functions yield relatively fast convergence when calculating energy
levels in comparison to alternative basis functions as discussed in Section 3.4.
2.3 Pseudospectrum Method
The trial energy from the previous section forms an upper bound to the true ground
state energy. This is easily shown by substituting a normalized trial wave function
into Etr.
Etr = 〈Ψtr|H|Ψtr〉
= c20E0 + c
2
1E1 + C
2
2E2 + . . .
= (1− c21 − c22 + . . . )E0 + c21E1 + c22E2 + . . .
= E0 + c
2
1(E1 − E0) + c22(E2 − E0) + . . .
≥ E0 (2.11)
This concept can be extended to excited states using the Hylleraas-Unheim-MacDonald
theorem [10]. According to this theorem, as an extra row and column is added to the
Hamiltonian, the N old eigenvalues lie inbetween the N + 1 new eigenvalues [3].
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Figure 2.2: Illustration of the Hylleraas-Unheim-Macdonald theorem. The previous
N eigenvalues lie between the new ones as N increases [3]
As N increases, the eigenvalues progressively move downward until they reach the
exact physical energies as shown in Figure 2.2. Furthermore, some of the higher ly-
ing eigenvalues lie in the ionization continuum provided that N is large enough, thus
representing a range of physical states that lie in the continuum. These pseudostates
then form a discrete variational representation of the physical spectrum and is com-
putationally advantageous over using the actual spectrum when being used to sum
over intermediate states. This is because relatively few pseudostates are needed to
represent a large portion of the physical spectrum. The example shown in Figure
2.2 shows that a five term basis set spans the physical bound states plus a portion
of the continuum. In fact, the exact ground-state polarizability of hydrogen can be
computed using only a two-term basis set, which is discussed in further detail in the
next chapter.
7
Chapter 3
Polarizability
3.1 Static Polarizability
The static polarizability of an atom is a measure of how an atom distorts in an external
electric field. It describes the degree to which it forms a dipole moment. Mathemati-
cally speaking, the polarizability is defined as the first order coefficient in the Taylor
expansion of the dipole moment about the field strength. In quantum mechanics, this
corresponds to the second order perturbation energy when the potential due to the
external field acting on the electron is treated as a perturbation, as discussed in this
section.
To begin, the Taylor expansion of the dipole moment as a function of field strength is
µ = ααβFβ +
1
2
βαβγFβFγ + . . . (3.1)
[11]
where the α, β and γ indices denote spatial response of the molecule to the field,
similar to the indices of a stress tensor describing the deformation of a crystal in a
field.
Assuming that the molecule is axially symmetric, the only terms in the dipole energy
8
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~µ · ~E that survive are the ones with even powers of F according to
~µ · ~E = −1
2
αF 2 − 1
24
γF 4 − . . . (3.2)
Now consider the Hamiltonian with a perturbation from the external field.
H = H0 − eFz (3.3)
By comparing the powers of F in the perturbation energy shift with those in the dipole
energy expansion, it is clear that the second order perturbed energy corresponds to
the polarizability. This is where the quantum definition of the polarizability comes
from Eq.(3.5). Again, the odd powers vanish due to the parity of the dipole operator
z.
∆E = E2F 2 + E4F 4 (3.4)
E2 = −1
2
α (3.5)
Finally, an expression for the static polarizability is obtained from the second order
perturbation equation, using the facts that E1 = 〈Ψ0|V |Ψ0〉 = 0 and that the per-
turbed states form an orthonormal basis set.
〈ψ0|(H0 − E0)|ψ2〉 = 〈ψ0|(ez|ψ1〉+ E2|ψ0〉+ E1|ψ1〉) (3.6)
→ E2 = e〈ψ0|z|ψ1〉 (3.7)
→ α = −2e〈ψ0|z|ψ1〉 (3.8)
This expression (3.8) will be used in the next section to obtain the dynamic polariz-
ability, which describes a the response of a molecule to an oscillating field. The zero
frequency limit of this dynamic polarizability is the static polarizability.
9
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3.2 Dynamic Polarizability
The dynamic polarizability of an atom is a measure of how the atom responds to an
oscillating EM field. This situation can be modelled with a Hamiltonian describing an
atom in an oscillating electric field
H = H0 − eFz cos(ωt) (3.9)
where ω is the oscillation frequency and z ≡∑i zi.
To derive the dynamic polarizability, the cosine factor in the potential can be split
into exponentials according to the definition of cosine.
V (z, t) = −eFz e
iωt + e−iωt
2
≡ F [G+(z, t) +G−(z, t)] (3.10)
Substituting the new expression for V in the Schro¨dinger equation gives
i~
∂
∂t
|Ψ(t)〉 = (H0 + FG+ + FG−)|Ψ(t)〉. (3.11)
From here, G can be treated as a perturbation in order to expand the wave function
|Ψ(t)〉 = |ψ0(t)〉+ F (|ψ1+(t)〉+ |ψ1−(t)〉) + ... (3.12)
The wave function is then substituted back into the Scho¨dinger equation in order to
obtain the zeroth (3.13) and first (3.14) order perturbation equations
(H0 − i~ ∂
∂t
)|ψ0(t)〉 = 0 (3.13)
(H0 − i~ ∂
∂t
)|ψ1±(t)〉 = G±|ψ0(t)〉 (3.14)
In order to obtain steady-state solutions, it must be assumed that the field was
10
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switched on adiabatically, so transient effects will have died away. If this assump-
tion is made, the steady-state solutions take on the form
|ψ0(t)〉 = |ψ0〉eiEnt/~ (3.15)
|ψ1(t)〉 = |ψ1±〉eiEnt/~±iωt (3.16)
Substituting these solutions into the perturbation equations (3.13) and (3.14), the new
0th and 1st order equations become
(H0 − E0)|ψ0〉 = 0 (3.17)
(H0 − E0 ± ~ω)|ψ1±〉 = −
1
2
z|ψ0〉. (3.18)
Now for the final step of deriving the dynamic polarizability, Eq.(3.18) is substituted
into Eq.(3.8) to obtain
α(ω) = e2(〈ψ0|z 1
H0 − E0 + ~ωz|ψ
0〉+ 〈ψ0|z 1
H0 − E0 − ~ωz|ψ
0〉) (3.19)
This is the expression for the nonrelativistic dynamic polarizability. For the purpose of
calculation, a complete set of intermediate states is inserted in between the resolvent
operators (H0 − E0 ± ~ω)−1 and the dipole operator to obtain
α(ω) =
∑
i
e2〈ψ0|z 1
H0 − E0 + ~ω |i〉〈i|z|ψ
0〉
+ e2〈ψ0|z 1
H0 − E0 − ~ω |i〉〈i|z|ψ
0〉
=
∑
i
e2〈ψ0|z|i〉2( 1
E0 − Ei + ~ω +
1
E0 − Ei − ~ω )
=2e2
∑
i
(Ei − E0)〈ψ0|z|ψi〉2
(Ei − E0)2 − (~ω)2 (3.20)
The sum over the intermediate states is traditionally carried out by summing over the
bound states and integrating over the continuum. This is where the pseudospectral
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method in the previous chapter comes in. Instead of inserting the actual spectrum,
one inserts a discrete variational basis set. Computationally speaking, this basis set is
obtained by first orthonormalizing a set of Hylleraas functions φp via a unitary trans-
formation R such that Φm =
∑N
n φnRnm and 〈Φm|Φn〉 = δmn. Once the basis func-
tions have been orthonormalized, another unitary transformation W is applied to the
Hamiltonian. The result is a pseudospectrum of states Ψ(q) where Ψ(q) =
∑N
n ΦnWnq.
This diagonalization method is discussed in further detail in the Appendix.
3.3 Application of Pseudospectral Method to Hydrogen
To demonstrate the power of the pseudospectral method, this section applies it to the
simple case of hydrogen. Given the Hamiltonian of an atom in a static field
H = H0 + eFr cos θ (3.21)
a variational solution to the first-order perturbation equation consisting of Sturmian
functions can be constructed according to
φtr = − 1√
(3)
(b1r + b2r
2)e−λrY 01 (cos θ) (3.22)
where χ1 = − 1√
(3)
reλrY 01 and χ2 = − 1√(3)r
2eλrY 01 . With these basis functions, the
polarizability can be calculated and a variational maximum with respect to λ can
be found. In Figure 3.1, the exact ground-state polarizability of hydrogen, which is
α = 92a
3
0 is obtained at the maximum λ = 1. There is a region of variational stability
between 0.6 and 1.0 where the value of the polarizability is close to the exact value,
despite λ 6= 1. With only two pseudostates needed to obtain the exact value for
hydrogen, it is clearly advantageous to use the pseudospectral method instead of the
actual spectrum for these types of calculations.
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Figure 3.1: The static polarizability of hydrogen as a function of the non-linear pa-
rameter lambda. The variational maximum occurs at λ = 1. [4]
3.4 Relativistic Polarizability
Relativistic corrections to the polarizability are needed to compute a more accurate
tune-out wavelength. These corrections contribute to the energy by about an order
of α2 or 1
c2
in a.u. thus will contribute significantly to the polarizability. There are
multiple ways of applying these corrections; using the Dirac Equation and perturb-
ing the Schro¨dinger Hamiltonian are two common examples. For these calculations,
the second method was used, which involved adding relativistic perturbations to the
Schro¨dinger Hamiltonian. Applying the Dirac Hamiltonian directly onto Schro¨dinger
states will result in erroneous eigenvalues. This is because the Dirac spectrum is not
bounded from below. As a result, every bound state is infinitely degenerate for a two
13
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electron atom. For example, if the energy for a given two electron state is close to
mc2, then any combination of the two electron energies that add up to the energy
which is close to mc2 will also be eigenstates, even states that lie above or below the
positive or negative continuum. One method to curb this variational collapse is to use
configuration interaction (CI) wave functions
ψ(r1, r2) =C0u
(s)
1 (r1)u
(s)
2 (r2) + C1u
(P )
1 (r1)u
(P )
2 (r2)Y01,1,0(rˆ1, rˆ2) + ...± (1↔ 2)
(3.23)
which exclude negative energy states, but this method is slowly convergent and less
accurate [8]. The other method is to perturb the Schro¨dinger Hamiltonian with rela-
tivistic corrections and use Hylleraas functions. This method converges more quickly
and is more accurate because the Hylleraas functions not only include all of the terms
in the CI wave functions which only contain the even powers of r12, but also the odd
powers of r12, which contain all of the powers of cos θ due to the Taylor expansion of the
cosine law r12 =
√
r21 + r
2
2 − 2r1r2 cos θ about cos θ. Thus, perturbing the Schro¨dinger
Hamiltonian will give a more accurate relativistic correction to the polarizability.
To derive the relativistic dynamic polarizability for a state |ψ〉, it is useful to start with
a slightly modified version of Eq.(3.19) where the relativistic perturbation is added.
αTOT (ω) = e
2(〈ψ|z 1
(H0 +Hrel)− (E + 〈Hrel〉) + ~ωz|ψ〉 (3.24)
+〈ψ|z 1
(H0 +Hrel)− (E + 〈Hrel〉)− ~ωz|ψ〉) (3.25)
The resolvent operator can be geometrically expanded
1
(H0 +Hrel)− (E + 〈Hrel〉)± ~ω =
1
H0 − E0 ± ~ω×
(
1
1 + (Hrel − 〈Hrel〉) 1H0−E0±~ω
)
≈ 1
H0 − E0 ± ~ω×
(1− (Hrel − 〈Hrel〉) 1
H0 − E0 ± ~ω ) (3.26)
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Next is to expand |ψ〉 to the first order perturbation in Hrel.
|ψ〉 = |ψ0〉 − 1
H0 − E0Hrel|ψ
0〉 (3.27)
Finally, to obtain the relativistic dynamic polarizability, the expanded resolvent op-
erator and the perturbed wave function are inserted into the expression for αTOT (ω)
(3.24).
αTOT (ω) =e
2(
The positive ~ω term in the nonrelativistic αNR(ω)︷ ︸︸ ︷
〈ψ0|z 1
H0 − E0 + ~ωz|ψ
0〉
+2〈ψ0|Hrel 1
E0 −H0 z
1
H0 − E0 + ~ωz|ψ
0〉
+〈ψ0|z 1
H0 − E0 + ~ω (〈Hrel〉 −Hrel)
1
H0 − E0 + ~ωz|ψ
0〉
+[+~ω 7→ −~ω]) (3.28)
Thus, the expression for the relativistic dynamic polarizability is αrel(ω) = αTOT (ω)−
αNR(ω) where ’NR’ means ’nonrelativistic’. Just as in section 3.2, for computing pur-
poses, pseudospectral intermediate states are inserted inbetween the resolvent operator
and the appropriate operators to obtain the following expression.
αREL =e
2
{− 2(Ej − E0)〈ψ0|Hrel|i〉〈i|z|j〉〈j|z|ψ0〉
(Ei − E0)((Ej − E0)2 + (~ω)2)
+
〈ψ0|z|j〉〈j|(〈Hrel〉 −Hrel)|k〉〈k|z|ψ0〉
((Ej − E0)2 − (~ω)2)((Ei − Eψ)2 − (~ω)2)×[
(Ej − E0)(Ek − E0) + (~ω)2
]}
(summation implied) (3.29)
This is the expression that is used to compute the tune-out wavelength, where αTOT =
0. The Hamiltonian denoted as Hrel represents a sum of relativistic perturbations
which include the relativistic kinetic energy, spin-orbit, the Dirac-delta functions and
the Breit interaction. These interactions arise from expanding the relativistic energy
and will be discussed in the next section.
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Relativistic Hamiltonian
The relativistic corrections to the nonrelativistic Hamiltonian begin with the Dar-
win Hamiltonian, which was first derived by C.G. Darwin, who was Charles Darwin’s
grandson. It is a valid description of the interaction between charges up to the order
of v
2
c2
. By expanding the charge density to second order in retarded time, the Dar-
win Hamiltonian, which contains a term that is the classical analogue of the Breit
interaction, is obtained. The usual treatment of turning a classical Hamiltonian into
a quantum one, where the classical variables are replaced with quantum operators, is
employed and the result is the Breit interaction itself.
Incorporating the Breit interaction into the Dirac equation provides a relativistic
Hamiltonian containing all corrections of order v
2
c2
. This Dirac Hamiltonian is then
expanded into a Schro¨dinger Hamiltonian of order v
2
c2
in order to use Hylleraas wave
functions. The main advantage of using the Schro¨dinger Hamiltonian over the Dirac
Hamiltonian is the fact that the energies from the Hylleraas wave functions converge
much faster than the energies from the relativistic configuration interaction (CI) wave
functions which come from solving the Dirac Equation.
The full relativistic Hamiltonian that contains all of the perturbations of order v
2
c2
is
comprised of the relativistic kinetic energy, the orbit-orbit interaction, the fine struc-
16
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ture splitting and the relativistic finite mass energy shift.
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4.1 Darwin Hamiltonian
The following Hamiltonian describes the interaction between a charge and an external
field.
H = eφ− e
c
~A · ~v (4.1)
The aim is to obtain a Hamiltonian that describes the interaction between one electron
with the field of the other. In order to do this to the order of 1
c2
, retardation effects
must be considered. The scalar and vector potentials are shown below with the charge
density as a function of retarded time inserted into the integrals.
φ =
∫
dV
ρ(t−R/c)
R
, ~A =
1
c
∫
dV
ρ(t−R/c)~v
R
(4.2)
The charge density in the φ integral is expanded about R/c in order to obtain φ to
the order of 1
c2
. The vector potential ~A is not expanded since it already contains a
factor of 1c , so when it is substituted into the Hamiltonian, the corresponding term
will already be of order 1
c2
. The scalar and vector potentials for an electron are then
φ =
e
R
+
e
2c2
∂2R
∂t2
, ~A =
e~v
cR
. (4.3)
Next, a function f = e2c∂tR is constructed in order to simplify the scalar potential by
way of the gauge transformation
φ′ = φ− 1
c
∂R
∂t
, ~A′ = ~A+∇f (4.4)
The scalar and vector potenials become
φ′ =
e
R
, ~A′ =
e~v
cR
+
e
2c
˙ˆn (4.5)
The vector potential can be further manupulated into something that resembles part
of the Breit interaction.
~A′ =
e~v
cR
+
e
2c
Rˆ
R
=
e~v
cR
+
e
2c
(
~˙R
R
−
~RR˙
R2
)
=
e[~v + (~v · nˆ)nˆ]
2cR
(4.6)
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Finally, the newly gauge transformed potentials are inserted back into 4.1 to obtain
the Darwin Hamiltonian for two electrons.
H =
e
R12
− e
2
2c2R12
[~v1 · ~v2 + (~v1 · nˆ)(~v2 · nˆ)] (4.7)
[12]
As mentioned before, this Hamiltonian was first derived by Charles Darwin’s grandson
[13]. The last term can be thought of as the classical analogue to the Breit interaction.
Following the usual protocol of turning a classical Hamiltonian into a quantum one, the
classical variables are replaced with their corresponding quantum operators. To obtain
the Breit interaction, the classical velocities are replaced by the velocity operators c ~αi.
The Breit interaction is then
B ≡ − e
2
2R12
[ ~α1 · ~α2 + ( ~α1 · nˆ)( ~α2 · nˆ)] (4.8)
Since the Breit interaction is only valid up to the order of v
2
c2
, it would suffice to find
a Schro¨dinger operator U eff which gives the same results up to this order. To do this,
the following integral is calculated
〈ψCψD| e
2
r12
+B|ψAψB〉 =
∫ ∫
Φ∗C(~r1)Φ
∗
D(~r2)U
effΦA(~r1)ΦB(~r2)d
3 ~r1d
3 ~r2 +O(
1
c4
)
(4.9)
where |ψ〉 =
ϕ
χ
, ϕ ≈ (1− p2
8m2c2
)Φ and Φ is a solution to the Schro¨dinger Hamiltonian.
Although the wave functions in practice are not separable, the exact solution can be
expressed as a sum of separable functions. The above integral in Eq.(4.9) actually
comes from the following integral
〈Ψ2| e
2
r12
+B|Ψ1〉 (4.10)
where Ψ(~r1, ~r2) =
∑
A,B cA,BψA(~r1)ψB(~r2). To derive the operator U
eff, it suffices to
just perform the integral of the one term in (4.9) since only the orders up to 1
c2
are of
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concern. Putting all the terms together, the approximate Hamiltonian U eff is
U eff =
e2
r12
− pie
2
m2c2
δ3(~r12)
− e
2
2m2c2
[
1
r12
~p1 · ~p2 + 1
r312
~r12 · (~r12 · ~p2)~p2]
}
orbit-orbit HOO
− e
2
4m2c2r312
[~r12 × ~p1 · ~σ1 − ~r12 × ~p2 · ~σ2
+2~r12 × ~p1 · ~σ2 − 2~r12 × ~p2 · ~σ1]
}
spin-other-orbit HSOO
+
e2
4m2c2
[
~σ1 · ~σ2
r312
− 3(~σ1 · ~r12)( ~σ2 · ~r12)
r512
−8pi3 ~σ1 · ~σ2δ3(~r12)]
}
spin-spin HSS (4.11)
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The approximated Breit interaction is composed of 3 main parts which are self
explanatory. The orbit-orbit interaction describes the coupling between the orbital
angular momenta of the two electrons and the spin-other-orbit interaction describes
the coupling between the spin of one electron with the orbital angular momentum of
the other one. The spin-spin interaction resembles the dipole interaction term in the
multipole expansion with the addition of the δ3(~r12) term, which is nonzero when the
two electrons are in the same position.
Though the Breit interaction accounts for interactions between the two electrons, it
does not account for an electron’s own spin-orbit coupling. This comes from the Dirac
Equation. Like the Breit interaction, the Dirac Hamiltonian can also be expanded into
Schro¨dinger operators of order 1
c2
where the spin-orbit coupling becomes apparent.
4.2 The Expanded Dirac Hamiltonian
The Dirac Hamiltonian for a particle in a central field is
H = c~α · ~p+ βmc2 + V. (4.12)
When H is applied to a 4-component wave function |ψ〉 =
ϕ
χ
, a system of two
equations is produced
(E′ − V )ϕ− c~σ · ~pχ = 0 (4.13)
(E′ + 2mc2 − V )χ− c~σ · ~pϕ = 0 (4.14)
[14]
Using these two equations, the small component of the wave function χ can be ex-
pressed in terms of the large component ϕ
χ =
(~σ · ~p)
E′ − V + 2mc2ϕ (4.15)
where E′ ≡ E −mc2. To obtain the expanded Dirac Hamiltonian, the denominator
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in χ is expanded to order 1
c2
and inserted back into the Dirac Equation. The result is
the Hamiltonian
Hϕ = (
1
2
p2 − α
2
8
p4 + α2piδ3(~r)− α
2
2
1
r
dV
dr
~L · ~S)ϕ (4.16)
[14]
This expansion brings about three contributions of the order 1
c2
, which are the p4,
δ3(~r) and the spin orbit term HSO. The p
4 term comes from expanding the relativistic
kinetic energy E =
√
(pc)2 + (mc2)2. It plays the role of the relativistic change in
mass of the electron due to its motion. The δ3(~r) term comes from when the electron
is in the same position as the nucleus. Finally, the spin-orbit term is the coupling
between the electronic orbital and spin angular momenta.
Now, by extending the Dirac Equation to two electrons and including the Breit inter-
action, a total Hamiltonian containing all corrections of order v
2
c2
is obtained. Again,
it is worth mentioning that the unexpanded Dirac Equation could have been used to
obtain solutions, but because of the limited accuracy of CI, the Schro¨dinger Equation
with Hylleraas wave functions is used. The power of the latter method over CI is shown
in the comparison between our data and data from Zhang et al in the next chapter.
Since the Schro¨dinger operators yield upper bounds to the true energies according
to the Hylleraas-Unheim-MacDonald Theorem, the solutions become more precise as
N →∞ [10].
Putting all of the 1
c2
order corrections together, the total relativistic Hamiltonian is
Hrel =
6∑
i=1
Hi (4.17)
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where each individual perturbation is shown below [5].
H1 =
α2
8
(~p1
4 + ~p2
4)
H2 = HOO
H3 = HSO +HSOO
H4 = α
2piδ3(~r1) + α
2piδ3(~r2) + α
2piδ3( ~r12)
H5 = HSS
H6 = HStone
It should be noted that H6, known as the Stone Term [15], is the finite mass correction
to the orbit-orbit and spin-orbit interactions H2 and H3. The derivation of this term
is similar to the derivation of the mass polarization term in the nonrelativistic three
body Hamiltonian and is discussed in the appendix. Now that a working Schro¨dinger
Hamiltonian has been constructed which contains all of the 1
c2
ordered effects, the
relativistic polarizability can be calculated by substituting this newly expressed Hrel
into Eq.(3.28).
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The Tune-out Wavelength
The whole purpose of computing the relativistic perturbations is to test QED. In order
to do this, all of the lower order perturbations are required because what is observed
in nature is the measurement containing all of the approximations. The tune-out
wavelength is no exception.
First, the finite and infinite mass nonrelativistic polarizabilities were computed. Each
relativistic correction was then added in separately and then the results were compared
with values from the literature. This was first done with the ground state of helium
in order to be sure that the calculations for polarizability were correct. Once the
results were compared with Sapirstein and Pachucki [16], calculations for the 2 3S state
proceeded. Calculations for this state underwent the same procedure of computing
the perturbations for polarizability separately with the addition of doing the same
for the actual tune-out wavelength. These results were compared with the theory
work of Zhang et al. and Baldwin’s experimental results [7] [2]. Zhang’s method
of computing the tune-out wavelength involved using an approximate two-electron
Dirac Hamiltonian with the Breit interaction in the form expressed in Eq. (4.8). The
advantages of the Schro¨dinger method over this one will be discussed as well as details
of the actual measurement of the tune-out wavelength done by Baldwin.
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5.1 Measurement
Figure 5.1: The TOF signal of outputted atoms at the laser modulation frequency of
491 Hz. [2]
Several experiments have been done in the recent past that measure the tune-out
wavelength. This includes measuring tune-out wavelengths of alkali metals and helium
[17] [2]. Since the alkali metals that were used contain many particles, they are not
practical candidates for testing QED. Since the crux of this project is to test QED, the
measurement of the helium tune-out wavelength is of most interest. In particular, the
413 nm tune-out wavelength is the most sensitive to QED effects because the negative
contribution to the polarizability from the virtual 2 3S to 2 3P transition dominates and
cancels with the positive contributions from the 3 3P and higher states. Furthermore,
other tune-out wavelengths which are close to the 2 3P triplet states are determined
by the 1:3:5 ratio between the corresponding oscillator strengths and are thus, not
useful candidates for testing QED since the only major contributions to those tune-
out wavelengths are the transitions to the different triplet P states [6]. The 1:3:5 ratio
is just the ratio between the oscillator strengths of the 2 3S to 2 3P0 transition to that
of the 2 3P1 and 2
3P2 transitions.
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Figure 5.2: Schematic of various one dimensional atomic density beam profiles. The
black solid line represents purely magnetically trapped helium. The red dot-dashed
line represents a laser potential [sic.] that increases detection rate. The blue dashed
line represents a laser potential that decreases detection rate. [2]
The measurement of the 413 nm wavelength itself consists of measuring the effects of a
laser on the trapping potential of metastable helium [6]. Basically, a beam helium from
a Bose-Einstein condensate is detected on an outcoupling surface and an illuminating
laser beam which is meant to perturb the helium beam is tuned until the helium beam
profile is the same as the unperturbed beam. This wavelength is then determined to
be the tune-out wavelength.
The apparatus consists of a magnetic trap which filters out the atoms in the m = 0
substate. Those atoms then fall into a delay line detector (DLD) whereby a time of
flight (TOF) signal is measured (Figure 5.1). To account for background noise, the
integral of the unperturbed Fourier transformed signal was subtracted from that of the
perturbed one. The probing laser is then sweeped in wavelength to find the correct one
that yields the unperturbed matter beam profile as shown in Figure 5.2. According to
the phase and amplitude data in Figure 5.3, the tune-out wavelength was measured
to be 413.0878(9stat) nm. With the asymmetry of the peak laser wavelength and the
Zeeman splitting in the trap taken into account, the corrected tune-out wavelength
was measured to be 413.0938(9stat)(20sys) nm [2]. Since the tune-out wavelengths at
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Figure 5.3: Phase and amplitude plotted against laser wavelength. The phase data
determines the sign of the amplitude. The amplitude is normalized by the average
power. [2]
the different magnetic substates (m = 0 and m = ±1) experimentally differ by only
an estimated 2 pm, the difference can be ignored.
5.2 Results
The computation of the tune-out wavelength of 4He is a process that first involves
computing the polarizability, and then finding the root of the polarizability closest to
the desired transition to obtain the tune-out wavelength. These calculations are split
into separate perturbations to show their individual contributions.
In order to verify the calculations, the ground state polarizability, with all of its per-
turbations, was computed and compared with calculations by Sapirstein, Pachucki and
Pukalski [16] [18].
The table below shows the static polarizability, i.e. the polarizability at zero frequency,
of ground state 4He and the contributing p4, the orbit-orbit H2 term, the Dirac-Delta
terms from H4, the spin dependent terms from H3 and H5 and the relativistic finite
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mass term. The HStone term is contained in the relativistic finite mass term, which
comprises of the finite mass contributions to the p4, H2, the delta function terms, the
spin-dependent terms and the whole HStone term. Precisely speaking, the p
4 term is
the contribution to the polarizability from H1, the δ
3(r1) term is the contribution from
piδ3(r1) + piδ
3(r2) and the δ
3(r12) term is the contribution from piδ
3(r12). Since the
wave functions that are used are antisymmetric, 〈δ3(r2)〉 = 〈δ3(r2)〉 which is why both
the δ3(r1) and δ
3(r2) terms are described δ
3(r1) in the table. The total is then the
sum of all of the perturbations listed the tables except for the HStone term, since it is
already contained in the relativistic finite mass term. For the singlet ground state, the
spin dependent contributions are zero so they are not listed. The number Ω controls
the size of the basis set that was used as intermediate states. The convergence ratios,
which are the ratios between the sequential differences, indicate that the limiting fac-
tors to the convergence of the total are the relativistic polarizabilities. The ratio is
defined by α(Ω(M+1))−α(Ω(M))α(Ω(M+2))−α(Ω(M+1)) . The convergence uncertainty is calculated by taking
the median of the convergence ratios and using that ratio to compute an infinite series
assuming that all subsequent differences have the same ratio. This infinite series is
equal to the difference between the extrapolated value and the value corresponding to
the median ratio. The uncertainty is then twice this value. All of the polarizabilities
are in units of a30.
5.2.1 Ground State Polarizability
These are the results for the different contributions to the ground state static polar-
izability of 4He, namely the nonrelativistic, p4, orbit-orbit, the delta function terms
from H4 and the finite mass contributions. Even though the tune-out wavelength
corresponds to the polarizability of the 2 3S state, the ground state polarizability
was calculated because the various contributions to the ground state polarizability of
4He are already known in the literature [18] [16]. This allows for a comparison with
literature to show that our method of calculation is working properly.
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Table 5.1: Ground State Polarizability: Nonrelativistic and p4 Terms
Ω(N) NR (a30) Ratio p
4 (10−6 a30) Ratio
4 1.38319212217577 -988.12723
5 1.38319216773268 -988.09352
6 1.38319217273427 9.11 -987.92470 0.20
7 1.38319217389379 4.31 -987.91715 22.35
8 1.38319217436197 2.48 -987.88049 0.21
9 1.38319217441845 8.29 -987.89107 -3.47
10 1.38319217444475 2.15 -987.87775 -0.79
11 1.38319217445109 4.15 -987.87672 12.98
12 1.38319217445374 2.39 -987.87559 0.90
13 1.38319217445437 4.21 -987.87634 -1.50
Table 5.2: Ground State Polarizability: Orbit-Orbit and δ3(r1) Terms
Ω(N) H2 (10
−6 a30) Ratio δ3(r1) (10−6 a30) Ratio
4 –23.234218359 864.80946
5 –23.234015044 864.78833
6 –23.234066054 –3.99 864.70454 0.25
7 –23.234049037 –3.00 864.70023 19.45
8 –23.234062109 –1.30 864.68224 0.24
9 –23.234054740 –1.77 864.68728 –3.57
10 –23.234058328 –2.05 864.68068 –0.76
11 –23.234057559 –4.66 864.68014 12.20
12 –23.234057465 8.17 864.67957 0.94
13 –23.234057839 –0.25 864.67997 –1.44
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Table 5.3: Ground State Polarizability: δ3(r12) and Nonrelativistic Finite Mass Terms
Ω(N) δ3(r12) (10
−6 a30) Ratio NR Finite Mass (10−6 a30) Ratio
4 66.078388 617.812093590020
5 66.069868 617.811950980096
6 66.071347 –5.76 617.811947229985 38.03
7 66.070284 –1.39 617.811943320001 0.96
8 66.071049 –1.39 617.811943400159 –48.78
9 66.070546 –1.52 617.811946119984 0.03
10 66.070694 –3.40 617.811945790026 –8.24
11 66.070642 –2.81 617.811946375314 –0.56
12 66.070631 4.69 617.811946384850 61.38
13 66.070674 –0.26 617.811946419966 0.27
Table 5.4: Ground State Polarizability: Stone Term and Total Polarizability
Ω(N) HStone (10
−6 a30) Ratio Total (a30) Ratio
4 –.24932414 1.383729367558
5 –.24933533 1.383729415756
6 –.24933407 –8.91 1.383729508298 0.520824734
7 –.24933248 0.79 1.383729511778 26.58929882
8 –.24933236 13.33 1.383729531617 0.175433242
9 –.24933210 0.47 1.383729525587 –3.289883466
10 –.24933219 –2.99 1.383729532519 –0.869825623
11 –.24933212 –1.20 1.383729533076 12.44988963
12 –.24933212 63.50 1.383729533282 2.707632046
13 –.24933211 0.19 1.383729533126 –1.320207935
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Table 5.5: Ground State Polarizability: Relativistic Finite Mass Terms
Ω(N) Relativistic Finite Mass (10−8 a30) Ratio
4 –9.30764
5 –9.45678
6 –9.34808 –1.37
7 –9.33548 8.63
8 –9.34029 –2.62
9 –9.34584 0.87
10 –9.34232 –1.58
11 –9.3307 0.30
12 –9.36535 –0.34
13 –9.34972 –2.22
Table 5.6: Ground State Polarizability: Summary
Contribution Polarizability (a30)
Absolute
Percentage to Total
NR 1.38319217445437(83) 99.961166%
p4 (10−6) –987.87634(45) 0.071392%
δ3(r1) (10
−6) 864.67997(23) 0.062489%
NR Finite Mass (10−6) 617.811 94641(4) 0.044648%
δ3(r12) (10
−6) 66.070 67(4) 0.004775%
H2 (10
−6) –23.234 05784(38) 0.001679%
Relativistic Finite Mass (10−8) –9.35(1) 0.000007%
Total 1.38372953313(9)
HStone (10
−6) –0.24933211(2) –0.000018%
The contributions from the nonrelativistic to the relativistic finite mass in Table
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5.6 are listed from largest absolute value to the least. The most dominant relativistic
contribution comes from the p4 term which accounts for about 0.0714 % of the total
polarizability and the smallest contribution comes from relativistic finite mass correc-
tions, which are of the order α2 µM .
The contribution that limits the convergence the most is the p4 term as shown in 5.6
whose convergence uncertainty of 9× 10−9 a30 is the largest one out of all of the other
contributions. The other contributions that are limitting the convergence accuracy
are the other relativistic contributions with the exception of the relativistic finite mass
term. The average uncertainty of the relativistic contributions except for the Stone
term is 35 × 10−10 a30, which is approximately 300 times larger than the uncertainty
of the nonrelativistic contribution. Collectively, the uncertainties of the relativistic
contributions bring the uncertainty up from 12×10−12 to 9×10−11, making them the
most significant factors in limiting the convergence accuracy. The same applies for the
2 3 S case.
5.2.2 2 3S Polarizability
These are the different contributions to the polarizability of the 2 3S state of helium.
The spin-orbit and spin-other-orbit contributions from H3 are zero and so they are
not listed. Unlike the case for the singlet ground state, the polarizability for the 2
3S1 state has components for m = 0 and m = ±1 because of the angular momentum
selection rules.
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Table 5.7: 2 3S Polarizability: Nonrelativistic and p4 terms
Ω(N) NR (a30) Ratio p
4 (a30) Ratio
4 315.6309700019458910519 –0.2697741791055096319
5 315.6314392635272574374 –0.2697786448622702241
6 315.6314682938799325927 16.16 –0.2697814471322769431 1.59
7 315.6314717952392098448 8.29 –0.2697833828452446287 1.45
8 315.6314722224723372132 8.20 –0.2697836574270027043 7.05
9 315.6314723432909492929 3.54 –0.2697809023811375977 –0.10
10 315.6314723654509451395 5.45 –0.2697806412975781859 –10.55
11 315.6314723736341903654 2.71 –0.2697818299910386912 –0.22
12 315.6314723757233973916 3.92 –0.2697817546564160514 15.78
13 315.6314723763563185573 3.30 –0.2697815442290065093 0.36
14 315.6314723765413712470 3.42 –0.2697816022466314044 –3.63
33
5. THE TUNE-OUT WAVELENGTH
Table 5.8: 2 3S Polarizability: Orbit-Orbit and δ3(r1) Terms
Ω(N) H2 (a
3
0) Ratio δ
3(r1) (a
3
0) Ratio
4 –0.0111420067907148869 0.1821921447448293390
5 –0.0111420448415984569 0.1821928967304806717
6 –0.0111420789862821105 1.11 0.1821943945643147368 0.50
7 –0.0111420811440260406 15.82 0.1821953383942443313 1.59
8 –0.0111420820354247762 2.42 0.1821954784628352565 6.74
9 –0.0111420821523863042 7.62 0.1821941008979720464 –0.10
10 –0.0111420821533393841 122.73 0.1821939710417952776 10.61
11 –0.0111420821453396128 –0.12 0.1821945651351438234 –0.22
12 –0.0111420821399657323 1.49 0.1821945275041228298 –15.79
13 –0.0111420821411552684 –4.52 0.1821944222865652298 0.36
14 –0.0111420821403096014 –1.41 0.1821944512767977097 –3.63
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Table 5.9: 2 3S Polarizability: Nonrelativistic Finite Mass and Stone terms
Ω(N) NR Finite Mass (a30) Ratio HStone (a
3
0) Ratio
4 0.18888592456301 –0.0000756586837165675
5 0.18887735097297 –0.0000756595328050752
6 0.18887756998100 –39.15 –0.0000756597201414395 4.53
7 0.18887756240702 –28.92 –0.0000756596356824319 –2.22
8 0.18887757023299 –0.97 –0.0000756596080993842 3.06
9 0.18887757009998 –58.84 –0.0000756595657978618 0.65
10 0.18887757034702 –0.54 –0.0000756595505548210 2.78
11 0.18887757033701 –24.69 –0.0000756595743309846 –0.64
12 0.18887757035304 –0.62 –0.0000756595733113076 –23.32
13 0.18887757035799 3.24 –0.0000756595707175300 0.39
14 0.18887757034099 –0.29 –0.0000756595715710384 –3.04
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Table 5.10: 2 3S Polarizability for m = 0 Substate: Spin-spin and Relativistic Finite
Mass Terms
Ω(N) HSS (a
3
0) Ratio Relativistic Finite Mass (a
3
0) Ratio
4 –0.0055244407509578922 –0.0000935628957326236
5 –0.0055241975172654250 –0.0000945001890032644
6 –0.0055242201262332933 –10.76 –0.0000934162854854571 –0.86
7 –0.0055242166962180999 –6.59 –0.0000936190714712739 –5.35
8 –0.0055242168514690298 –22.09 –0.00009211340112507800 –0.13
9 –0.0055242165868716178 –0.59 –0.0000933579253310415 –1.21
10 –0.0055242167489752545 –1.63 –0.0000940912992250060 1.70
11 –0.0055242167883370083 4.12 –0.0000934367090416974 –1.12
12 –0.0055242168491920879 0.65 –0.0000933988059011008 17.27
13 –0.0055242167902125542 –1.03 –0.0000935163153185023 –0.32
14 –0.0055242167889241537 45.78 –0.0000934965791349520 –5.95
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Table 5.11: 2 3S Polarizability for m = 0 Substate: Total Polarizability
Ω(N) Total (a30) Ratio
4 315.715513839191
5 315.715970081283
6 315.715999053414 15.75
7 315.716001353828 12.59
8 315.716003159012 1.27
9 315.716003412774 7.11
10 315.716002832832 –0.44
11 315.716002900991 –8.51
12 315.716002978648 0.88
13 315.716002967041 –6.69
14 315.716002957921 1.27
37
5. THE TUNE-OUT WAVELENGTH
Table 5.12: 2 3S Polarizability for m = ±1 Substates: Spin-spin and Relativistic Finite
Mass Terms
Ω(N) HSS (a
3
0) Ratio Relativistic Finite Mass (a
3
0) Ratio
4 0.0027622203754789461 –0.0000864335655261432
5 0.0027620987586327125 –0.0000873609664674251
6 0.0027621100631166467 –10.76 –0.0000862771905863081 –0.86
7 0.0027621083481090500 –6.59 –0.0000864796183027740 –5.35
8 0.0027621084257345149 –22.09 –0.0000849745559806481 –0.13
9 0.0027621082934358089 –0.59 –0.0000862184597615707 –1.21
10 0.0027621083744876272 –1.63 –0.0000869520263627561 1.70
11 0.0027621083941685042 4.12 –0.0000862973952627079 –1.12
12 0.0027621084245960440 0.65 –0.0000862596466976806 17.34
13 0.0027621083951062771 –1.03 –0.0000863770907166329 –0.32
14 0.0027621083944620769 45.78 –0.0000863573599562419 –5.95
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Table 5.13: 2 3S Polarizability for m = ±1 Substates: Total Polarizability
Ω(N) Total (a30) Ratio
4 315.723807629648
5 315.724263516782
6 315.724292522699 15.72
7 315.724294818326 12.64
8 315.724296623134 1.27
9 315.724296877120 7.11
10 315.724296297229 –0.44
11 315.724296365487 –8.50
12 315.724296443081 0.88
13 315.724296431451 –6.67
14 315.724296422323 1.27
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Table 5.14: 2 3S Polarizability: Summary
Contribution Polarizability (a30)
Absolute
Percentage to Total
NR 315.6314723765(5) 99.973226%
p4 –0.2697816(3) 0.085451%
NR Finite Mass 0.1888775703(3) 0.059825%
δ3(r1) 0.1821944(2) 0.057708%
H2 –0.011142082140(3) 0.003529%
HSS (m = 0) –0.005524216788(3) 0.001750%
HSS (m = ±1) 0.002762108394(2) 0.000875%
Relativistic Finite Mass (m = 0) –0.0000934(2) 0.000030%
Relativistic Finite Mass (m = ±1) –0.0000863(2) 0.000027%
Total (m = 0) 315.71600295(2)
Total (m = ±1) 315.72429642(2)
HStone –0.000075659571(1) 0.000024%
The contributions in Table 5.14 are listed from greatest absolute percentage to
least just as in Table 5.6. Only the percentages to the total m = 0 state for the spin
independent terms are shown, since the largest difference between those percentages
and the percentages to the total m = ±1 state is 0.000004%. However, the percent-
ages for the spin dependent terms are the percentages with respect to the total of the
respective magnetic substate. The percentages of each contribution are of the same
order of magnitude as the percentages of the ground state case in Table 5.6. Further-
more, the contributions for the 2 3S state rank from greatest to least in a similar order
to the ground state. The only difference is that in this case, the nonrelativistic finite
mass is larger than the δ3(r1) term.
Similar to Table 5.6, Table 5.14 shows that the perturbation that limits the conver-
gence the most is the p4 term. Other major contributions to the limiting convergence
are the other relativistic spin independent terms such as the orbit-orbit and the delta
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function terms.
5.2.3 The 2 3S - 3 3P Transition Tune-out Wavelength
As mentioned before, tune-out wavelengths are calculated by finding roots of Eq.(3.24)
i.e. the dynamic polarizability. The tune-out wavelength that is of interest is the one
corresponding to the 2 3S - 3 3P transition because it is the closest tune-out wavelength
to the static polarizability, making it the most accessible experimentally because it is
the lowest energy tune-out wavelength for the 2 3S state. This tune-out wavelength
is also a good candidate for testing QED because of the off diagonal matrix elements
used in its calculation.
Other tune-out wavelengths, such as the tune-out wavelengths that lie between the
different 3PJ states are not strong enough candidates for testing QED because their
tune-out wavelengths are determined predominantly by the 1:3:5 ratio [2], which is the
ratio between the oscillator strengths of the J = 0, 1 and 2 multiplet states. Figure 5.4
shows the nonrelativistic polarizability as a function of the frequency of the interacting
EM wave.
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Figure 5.4: Nonrelativistic Dynamic Polarizability of the 2 3S state as a function of
electric field oscillation frequency. The 2 3S - 3 3P transition tune-out frequency, in
atomic units, is the first zero on the blue side of the static polarizability.
Tables 5.15 - 5.19 correspond to the contributions from the different perturbations
to the actual tune-out wavelength. The spin independent term includes the kinetic
energy term p4, the orbit-orbit term H2 and the delta function terms. Though the
Stone term is independent of spin, it is not included in the ”Spin Independent” term
in Table 5.15 because it has its own heading in Table 5.16. The spin dependent term
is just the spin-spin interaction HSS, since the spin-orbit interactions for the 2
3S state
are zero. The roots of the dynamic polarizability were calculated for each perturbation
by using Newton’s method every time a perturbation was added.
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Table 5.15: 2 3S - 3 3P Tune-out Wavelength: Nonrelativistic and Spin Independent
Terms
Ω(N) NR (nm) Ratio Spin Independent (nm) Ratio
4 413.039841158627217 –0.0563393905960083
5 413.038621572579689 –0.0537620561270273
6 413.038391102846652 5.29 –0.0543741622490188 –4.21
7 413.038344781791459 4.98 –0.0552959422009849 0.66
8 413.038308592527443 1.28 –0.0552623273169957 –27.42
9 413.038305405431768 11.35 –0.0553469393279897 –0.40
10 413.038304554346877 3.74 –0.0553633060729908 5.17
11 413.038304450249554 8.18 –0.0553663883409854 5.31
12 413.038304396407023 1.93 –0.0552695346809742 –0.03
13 413.038304389131702 7.40 –0.0553168531639585 –2.05
14 413.038304386839547 3.17 –0.0552888933340228 –1.69
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Table 5.16: 2 3S - 3 3P Tune-out Wavelength: Stone and Nonrelativistic Finite Mass
terms
Ω(N) HStone (10
−5 nm) Ratio NR Finite Mass (nm) Ratio
4 –4.45548 0.100861132
5 –4.43728 0.100891719
6 –4.44167 –4.15 0.100917632 1.18
7 –4.44532 1.20 0.100880904 –0.71
8 –4.44517 –24.01 0.100913888 –1.11
9 –4.44556 –0.39 0.100916219 14.14
10 –4.44566 4.07 0.100916971 3.10
11 –4.44557 –1.01 0.100917022 14.74
12 –4.44521 0.27 0.100917066 1.15
13 –4.44539 –1.94 0.100917072 8.68
14 –4.44531 –2.14 0.100917073 3.18
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Table 5.17: 2 3S - 3 3P Tune-out Wavelength for m = 0 Substate: Spin Dependent
and Relativistic Finite Mass Terms
Ω(N) Spin Dependent (nm) Ratio Relativistic Finite Mass (nm) Ratio
4 –0.003907651 –0.00028599268006246300
5 –0.00390727 –0.00010957205000750000
6 –0.003907339 –5.49 –0.00005342177399825230 3.14
7 –0.003907426 0.80 –0.00001657785799125120 1.52
8 –0.003907424 –30.51 –0.00013563902001578800 –0.31
9 –0.003907433 –0.29 –0.00006690985100021860 –1.73
10 –0.003907436 3.80 –0.00005621146897283320 6.42
11 –0.003907437 3.80 0.00000539114091679949 0.17
12 –0.003907424 –0.05 –0.00009588122298964660 –0.61
13 –0.00390743 –1.96 –0.00002327142306057790 –1.39
14 –0.003907426 –1.60 –0.00007028439694067860 –1.54
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Table 5.18: 2 3S - 3 3P Tune-out Wavelength for m = 0 Substate: Total Tune-out
Wavelength
Ω(N) Total (nm) Ratio
4 413.080169213119028
5 413.081734368224646
6 413.080973788888211 –2.06
7 413.080005717958754 0.79
8 413.079917063472789 10.92
9 413.079900318642273 5.29
10 413.079894549905820 2.90
11 413.079953018110609 –0.10
12 413.079948598697846 –13.23
13 413.079973883882201 –0.17
14 413.079954832864554 –1.33
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Table 5.19: 2 3S - 3 3P Tune-out Wavelength for m = ±1 Substates: Spin Dependent
and Relativistic Finite Mass Terms
Ω(N) Spin Dependent Ratio Relativistic Finite Mass Ratio
4 0.00195384148901212 –0.0002803957240189450 3.14
5 0.00195365067799003 –0.0001039880469306810 1.52
6 0.00195368543700170 –5.49 –0.0000478444389955257
7 0.00195372902697954 0.80 –0.0000110052200170685
8 0.00195372759799284 –30.50 –0.0001300472670209270 –0.31
9 0.00195373248595843 –0.29 –0.0000613290039268577 –1.73
10 0.00195373377300712 3.80 –0.0000506329910194836 6.42
11 0.00195373411202127 3.80 0.0000109572899873456 0.17
12 0.00195372767097979 –0.05 –0.0000902947780332397 –0.61
13 0.00195373096198637 –1.96 –0.0000177004630472766 –1.39
14 0.0019537289070399300 –1.600 –0.000064702996041887 –1.5470
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Table 5.20: 2 3S - 3 3P Tune-out Wavelength for m = ±1 Substates: Total Tune-out
Wavelength
Ω(N) Total (nm) Ratio
4 413.086036302952497
5 413.087600872628121
6 413.086840390913203 –2.06
7 413.085872446078808 0.79
8 413.085783806422229 10.92
9 413.085767065351583 5.29
10 413.085761298107101 2.90
11 413.085819755000376 –0.10
12 413.085815336558287 –13.23
13 413.085840616131512 –0.17
14 413.085821569389082 –1.33
The preliminary results for the total relativistic tune-out wavelengths are 413.07997(2)
nm and 413.08582(2) nm for the m = 0 and m = ±1 substates respectively. These re-
sults were obtained by using the Hylleraas wave functions in Eq.(2.10) as intermediate
pseudostates. The nonlinear parameters for these pseudostate functions are optimized
with respect to the energy of the 2 3S state.
The reason why the results in this section are preliminary is because the accuracy
can be improved drastically. For instance, the relativistic finite mass contribution,
which is −0.0000647(470) nm, has an uncertainty greater than the contribution itself.
The convergence accuracy is improved by optimizing the tune-out wavelength with
respect to one of the nonlinear parameters. Doing this decreases the convergence un-
certainty by over two orders of magnitude, yielding the final results of 413.0799585(4)
nm and 413.0858252(4) nm for the different substates. The next section covers the
final optimized results in more detail.
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5.2.4 Optimized Tune-out Wavelength
The optimization of the tune-out wavelength involves optimizing the intermediate
states that are used in its calculation. The Hylleraas wave functions for the interme-
diate states are
Ψ(r1, r2, r12) =
q∑
p=1
i+j+k≤Ωq∑
ijk
cpijkr
i
1r
j
2r
k
12YMl1,l2,L(rˆ1, rˆ2)e−αpr1−βpr2 + (r1 ↔ r2) (5.1)
[19]
where the total wave function is split into sectors corresponding to their nonlinear pa-
rameters. The functions used to calculate the polarizabilities and tune-out wavelengths
had two sectors where q spans the interval [1, 2]. The sector 1 nonlinear parameters
α1 and β1 describe the asymptotic behaviour of the first and second electrons respec-
tively and the sector 2 nonlinear parameters describe the short range behaviour [19].
The parameter that is used to optimize the tune-out wavelength is the long range sec-
ond electron parameter β1 for the intermediate S states. This parameter was chosen
because it is the nonlinear parameter limiting the convergence of the tune-out wave-
length the most. The value of β1 that optimizes the tune-out wavelength was found
by plotting the tune-out wavelength as a function of β1 as shown in Figure 5.5.
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Figure 5.5: Dynamic Polarizability of the 2 3S state as Tune-out wavelength varied
over the nonlinear parameter β1.
The value for the local minimum, 0.238403 a−10 , was found by plotting 13 data
points and choosing the one which yielded the lowest tune-out wavelength. Finding
the tune-out wavelength this way is accurate enough for the purpose of finding the
tune-out wavelength since the nonlinear parameter did not need to be accurate beyond
six figures. For instance, the calculated energy of the 2 3S state where β1 = 0.44336
is −2.1752291659 a.u. whereas the energy using β1 = 0.50336 is −2.1752291657 a.u.
The difference in 0.6 a−10 yielded a difference in energy of only 2 × 10−10 a.u. which
is much larger than the relativistic energy of that state, which is about 8.7 × 10−6
a.u. Due to issues with the diagonalization routine producing negative norms, results
beyond Ω(N) = 11 could not be obtained.
50
5. THE TUNE-OUT WAVELENGTH
Table 5.21: Optimized 2 3S Tune-out Wavelength: Nonrelativistic and p4 Terms Inde-
pendent Terms
Ω(N) NR (nm) Ratio p4 (nm) Ratio
5 413.038272220752935 –0.15636242335802
6 413.038301330261326 –0.15635169837202
7 413.038304063344664 10.65 –0.15635959126001 1.36
8 413.038304368327504 8.96 –0.15635922031498 21.28
9 413.038304414726394 6.57 –0.15635716428500 0.18
10 413.038304395780686 2.45 –0.15635806816499 2.27
11 413.038304399611443 4.95 –0.15635838278701 2.87
Table 5.22: Optimized 2 3S Tune-out Wavelength: Orbit-Orbit and δ3(r1) Terms
Ω(N) H2 (nm) Ratio δ
3(r1) (nm) Ratio
5 –0.00886310247699 0.109918641581032
6 –0.00886313672697 0.109913371336972
7 –0.00886314262198 5.81 0.109917329174948 1.33
8 –0.00886314296997 16.94 0.109917144988003 21.49
9 –0.00886314295099 18.33 0.109916115602005 0.18
10 –0.00886314314403 0.10 0.109916569962991 2.27
11 –0.00886314307996 3.01 0.109916727217978 2.89
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Table 5.23: Optimized 2 3S Tune-out Wavelength: Nonrelativistic Finite Mass and
Stone Terms
Ω(N) NR Finite Mass (nm) Ratio HStone (nm) Ratio
5 0.0442875064049986 –0.0000444517220330454
6 0.0442862808770315 –0.0000444508159489487
7 0.0442862802769923 2042.41 –0.0000444511009618509 3.18
8 0.0442862639710029 0.04 –0.0000444510890247329 23.88
9 0.0442862373259914 0.61 –0.0000444510479837845 0.29
10 0.0442862130759636 1.10 –0.0000444510740180704 1.58
11 0.0442862147780261 14.25 –0.0000444510679926680 4.32
Table 5.24: Optimized 2 3S Tune-out Wavelength for m = 0 Substate: Spin-Spin and
Relativistic Finite Mass Terms
Ω(N) HSS (nm) Ratio Relativistic Finite Mass (nm) Ratio
5 –0.00390741142797424000 –0.00001717675007739670
6 –0.00390743217303680000 –0.00000616274195408550
7 –0.00390743074001421000 14.48 –0.00000530609901261414 12.86
8 –0.00390743104497915000 4.70 –0.00000640731803969175 0.78
9 –0.00390743083102052000 1.43 –0.00000621130197941966 5.62
10 –0.00390743099495694000 1.31 –0.00000631104904869062 1.97
11 –0.00390743100797408000 12.59 –0.00000626897394795378 2.37
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Table 5.25: Optimized 2 3S Tune-out Wavelength for m = 0 Substate: Total Tune-out
Wavelength
Ω(N) Total (nm) Ratio
5 413.079914653151703
6 413.079958956345020
7 413.079958606127485 126.50
8 413.079957979629612 0.56
9 413.079959222327930 0.50
10 413.079958629476396 2.10
11 413.079958519778064 5.40
Table 5.26: Optimized 2 3S Tune-out Wavelength for m = ±1 Substates: Spin-Spin
and Relativistic Finite Mass Terms
Ω(N) HSS (nm) Ratio Relativistic Finite Mass (nm) Ratio
5 0.00195372150602680000 –0.00005605258706964380
6 0.00195373187995074000 –0.00004503999690541600
7 0.00195373116400788000 14.49 –0.00004418399595351730 12.87
8 0.00195373131498400000 4.74 –0.00004528498902800490 0.78
9 0.00195373120897102000 1.42 –0.00004508893891852490 5.62
10 0.00195373129105292000 1.29 –0.00004518872003700380 1.96
11 0.00195373129798782000 11.84 –0.00004514665289434560 2.37
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Table 5.27: Optimized 2 3S Tune-out Wavelength for m = ±1 Substates: Total Tune-
out Wavelength
Ω(N) Total (nm) Ratio
5 413.085781361970764
6 413.085825693959964
7 413.085825341235329 125.68
8 413.085824715407114 0.56
9 413.085825957778186 0.50
10 413.085825365165616 2.10
11 413.085825255473486 5.40
Table 5.28: 2 3S Tune-out Wavelengths: Summary
Contribution
Tune-out Absolute
Wavelength (nm) Percentage to Total
NR 413.038304399(9) 99.989916%
p4 –0.156358(1) 0.037852%
δ3(r1) 0.1099167(6) 0.026609%
NR Finite Mass 0.1009170926(3) 0.024430%
H2 –0.00886314307(15) 0.002146%
HSS (m = 0) –0.00390743100(3) 0.000946%
HSS (m = 1) 0.00195373129(2) 0.000473%
Relativistic Finite Mass (m = 0) –0.0000063(2) 0.000002%
Relativistic Finite Mass (m = 1) –0.0000451(2) 0.000011%
Total (m = 0) 413.0799585(4)
Total (m = 1) 413.0858252(4)
HStone –0.000044451067(8) 0.000011%
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Table 5.28 shows the optimized final results for the 2 3S - 2 3P transition tune-
out wavelength. The proportions of each perturbation to the total are within the
same order of magnitude as the proportions for the 2 3S static polarizability. The
order of the percentages from greatest to least is almost the same as those for the
static polarizability case. The difference is that in the tune-out wavelength case, the
nonrelativistic finite mass contribution is greater than the delta-function contribution
instead of the other way around for the polarizability case.
As for convergence uncertainty, the minimized tune-out wavelengths yielded much
better convergence with uncertainties in the tune-out wavelength of about 12 × 10−8
nm as compared with the uncertainty without optimization, which was 2× 10−5 nm.
The final calculated values of the total relativistic tune-out wavelengths for the m = 0
and m = ±1 substates are 413.079 958 5(4) nm and 413.085 825 2(4) nm respectively.
5.3 Comparison With Other Work
In order to verify the method of calculating the polarizability, the polarizability was
calculated for the ground state of helium-4 and the results were compared with the re-
sults of Puchalski [18] [16]. The nonrelativistic polarizability containing nonrelativistic
mass polarization, the contribution from terms of the order α2 and the contribution
from the µMα
2 terms were compared with Puchalski’s work. As shown in Table 5.29,
our calculations agree to 1 part in 1012 for the nonrelativistic polarizability and 1 part
in 1010 for the α2 and µMα
2 terms and thus, the method of calculation can be used for
the 2 3S state.
Table 5.29: Ground State Polarizability Comparison
Contribution Present Work (a30) Puchalski (a
3
0)
NR He With Mass Polarization 1.383 809 986 4007(6) 1.383 809 986 408(1)
1
c2
–0.000 080 359 7(3) –0.000 080 359 9(1)
1
Mc2
–0.000 000 093 5(2) –0.000 000 093 5(1)
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The next table shows a comparison between our calculation of the 2 3S polariz-
ability with Zhang’s calculation [7]. Here, the difference in accuracy between using
Hylleraas wave functions with a perturbed Schro¨dinger Hamiltonian and using CI wave
functions with the Dirac equation is apparent. The full relativistic polarizability us-
ing the former method is over 4 orders of magnitude more accurate when it comes to
convergence accuracy. Furthermore, our calculations include relativistic finite mass ef-
fects. This is because there is no rigorously correct way to separate the centre-of-mass
motion from the Dirac equation. Since each part of the atom runs on its own clock,
there is no centre-of-mass, but only a centre-of-momentum. The mass polarization in
the work done by Zhang is a nonrelativistic approximation. This is also why their
calculation does not contain the Stone 2 term from Eq.(A.7) in the appendix, a term
that arises from switching the Breit interaction from the laboratory frame to the centre
of mass frame, similar to mass polarization term in the nonrelativistic Hamiltonian.
The faster convergence and the ability to include relativistic finite mass effects are
the two main reasons why using the Schro¨dinger Hamiltonian with Hylleraas wave
functions provides a rigorously correct starting point rather than than using CI with
the Dirac Equation when it comes to computing the polarizability, and hence the 413
nm tune-out wavelength of the 2 3S state of helium.
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Table 5.30: 2 3S Polarizability Comparison
Contribution Our Result (a30)
Zhang et. al.
Result [7] (a30)
NR (inf. mass) 315.631 472 376 5(2) 315.631 5(2)
NR (finite mass) 0.188 877 570 3(3) 0.188 9(3)
Relativistic (m = 0) –0.104 253 44(3) –0.103 9(3)
Relativistic Finite Mass(m = 0) –0.000 017 84(3)
Relativistic (m = ±1) –0.095 967 12(3) –0.095 6(3)
Relativistic Finite Mass(m = ±1) 0.000 010 70(3)
Stone 2 –0.000 075 659 571(1)
Total (m = 0) 315.716 002 957(11) 315.716 5(4)
Total (m = ±1) 315.724 296 422(11) 315.724 8(4)
Table 5.31 shows the comparison between the 413 nm tune-out wavelengths. Our
final results with all of the perturbations included for the m = 0 and m = ±1 cases
have converged to ±0.00000011 nm, making them more accurate than the results of
Zhang et al. [7] by four orders of magnitude for the theoretical tune-out wavelength.
However, QED corrections of order α3 must still be included.
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Table 5.31: Tune-out Wavelength Comparison
Contribution Our Result (nm)
Zhang et. al.
Result [7] (nm)
NR (inf. mass) 413.038 304 399(3) 413.0382 8(3)
NR (finite mass) 0.100 917 093(7) 0.100 91(5)
Total Relativistic (m = 0) –0.059 262 97(11) –0.059 09(4)
Relativistic Finite Mass (m = 0) –0.000 050 745(43)
Total Relativistic (m = ±1) –0.053 396 24(12) –0.053 29(4)
Relativistic Finite Mass (m = ±1) –0.000 045 168(43)
Total (m = 0) 413.079 958 5(4) 413.080 1(4)
Total (m = ±1) 413.085 825 2(4) 413.085 9(4)
It is shown in Table 5.32 that the difference between the full relativistic tune-out
wavelength of order α2 µM and experiment is about 0.014 nm for the m = 0 substate and
0.008 nm for the m = ±1 substates. This discrepancy is due to QED corrections of the
order α3 [7]. Taking the ratio between the QED corrections and the full polarizability
including terms of the order α2 µM for the ground state from Puchalski’s work [18], an
estimate can be made for the size of the QED correction to the 2 3S to 3 3P transition
tune-out wavelength. This estimate is 0.00915 nm making the tune-out wavelength
for the m = 1 substate with QED included about 413.0949 nm, which differs from
experiment by only 0.0011 nm. This agreement warrants the calculation of the QED
corrections to the tune-out wavelength. Future calculation of these corrections will
allow QED to be tested.
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Table 5.32: Comparison with Experiment
Result Tune-out Wavelength (nm)
m = 0 413.079 958 5(4)
m = ±1 413.085 825 2(4)
Experiment 413.093 8(9stat)(20syst)
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Conclusion
By incorporating all contributions to the dynamic polarizability up to the order 1
c2
using a perturbed Schro¨dinger Hamiltonian with Hylleraas wave functions, we were
able to compute the most accurate value for the tune-out wavelength of helium closest
to the 2 3S to 3 3P transition. For the m = 0 substate, it is 413.079 958 5(4) nm
and for the m = ±1 substates, it is 413.085 825 2(4) nm. The discrepancy between
our calculations and the experiment value of 413.093 8(9stat)(20syst) is about 0.008
nm, which is of the same order of magnitude as the 0.009 15 nm QED approximation.
This leads to future, more detailed calculations of the QED corrections to the tune-out
wavelength, for the purpose of testing QED. If that calculation is close to experimental
value, then this agreement between experiment and theory is a test of QED as an off-
diagonal perturbation, rather than a diagonal expectation value. However, if they
differ outside of uncertainty, then this opens the possibility of new physics beyond
QED.
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Future Work
There is plenty of work to be done regarding the polarizabilities and tune-out wave-
lengths of atoms. First off, the calculation only included 3S and 3P intermediate states
and did not include any D states. This is because the only operator in Eq.(3.28) that
connects a S state to the D state to form a nonzero expectation value is the spin-spin
operator HSS. Since the contribution to the spin-spin part of the static polarizability
from the P states account for 80% of the full spin-spin polarizability [20], the P states
were sufficient enough to obtain results that are still well within experimental uncer-
tainty, though the inclusion of the D states will improve the accuracy of the result.
In addition to computing the dipole polarizability, the higher order polarizabilities such
as the quadrupole and octopole polarizabilities can be calculated. The higher order
polarizabilities can be calculated using the general multipole polarizability formula
αl = −2e〈ψ0|rlCml (~r)|ψ1〉 (7.1)
[21]
which comes from the multipole expansion of the potential due to the external static
field. This equation bears resemblance to Eq.(3.8) because Eq.(3.8) is a special case
of Eq.(7.1) where l = 1. Calculation of the higher order polarizabilities will allow for
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more accurate calculations of the tune-out wavelength.
The higher order terms in the multipole expansion of an oscillating external field
must be included as well in order to further increase the accuracy of the polarizability
calculation and thus, the tune-out wavelength calculation. This is done by expanding
the spacial oscillation of the EM plane wave in terms of spherical waves
ei
~k·~r =
∑
l
il(2l + 1)jl(kr)Pl(cos θ) (7.2)
[21]
where jl(kr) is a spherical Bessel function. These higher order terms describe the
change in the electric field over the size of the interacting atom. Currently, no one has
included these terms beyond the first order in z. In order to include all of the correc-
tions of order v
2
c2
to the dipole polarizability, the second order term in the expansion
must also be included. The multipole expansion of the field however, is not the only
type of expansion that will increase the calculation of the tune-out wavelength.
The dipole polarizability itself comes from just one term in the expansion of ~µ · ~E in
terms of field strength F . The constant corresponding to the F 4 term is called the
hyperpolarizability [22]. These higher order terms become increasingly important as
the electric field strength increases in relevant experiments.
Aside from the implications that the tune-out wavelength and polarizability have on
theoretical work, there are also several applications. Using the frequency dependent
polarizability, the index of refraction of a gas can be calculated using the formula
n(ω) = 1 + 2piNα(ω) (7.3)
where N is the number density and n is the index of refraction [23]. This can be
used to determine Avogadro’s number NA. The dynamic polarizability can also be
used to calculate the Van der Waals constants [23]. The polarizability also plays a
role in atomic clocks. There is a black body shift to the atomic energy levels of the
atoms in an atomic clock due to the Stark Effect. This is one of the largest irreducible
contributions to the uncertainty of the atomic clock and must be corrected for [24].
Since the black body shift is proportional to the polarizability of the atom [24][25],
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this shift can be calculated provided the polarizability is calculated as well.
Most importantly, the tune-out wavelength can be used to test QED. Since the 1
c2
ordered contributions are taken care of, what is left are the QED contributions. These
contributions are of the order 1
c3
and account for interactions with virtual particles
in the vacuum. Since these corrections are approximately of the same order as the
difference between experiment and theory currently, it is likely that this difference is
accounted for by QED.
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Appendix
A.1 Brute Force Diagonalization
The pseudospectral solution to the three body Hamiltonian is obtained using a brute
force method. First, the Hylleraas functions are orthonormalized by constructing a
rotation operator R such that
Φm = Rnmφn (A.1)
This is done by orthogonalizing the matrix of overlap integrals Omn = 〈φm|φn〉 with
a transformation matrix T such that
T TOT ≡M =

M1 0 . . . 0
0 M2 0
...
... 0 MN−1
...
0 . . . 0 MN
 (A.2)
where the only nonzero elements are the diagonal ones.
Then a change of scale matrix
S =

M
−1/2
1 0 . . . 0
0 M
−1/2
2 0
...
... 0 M
−1/2
N−1
...
0 . . . 0 M
−1/2
N
 = S
T (A.3)
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is applied to M in order to obtain the identity matrix.
STMS = STT TOTS = 1 (A.4)
where R ≡ TS. Now that the rotation matrix R which orthonormalizes the wave
functions has been obtained, it can be applied to the Hamiltonian to find solutions.
This is done by first applying R to the Hamiltonian H, and then diagonalizing that
rotated Hamiltonian with a new transformation W such that
W TRTHRW =

E1 0 . . . 0
0 E2 0
...
... 0 EN−1
...
0 . . . 0 EN
 (A.5)
where the En’s are the pseudospectral eigenvalues of the three body Hamiltonian. The
qth eigenvector corresponding to the qth eigenvalue is then
Ψ(q) =
∑
mn
RmnWnqφm (A.6)
where the coefficients of the eigenvector are c
(q)
m =
∑
nRmnWnq [8].
A.2 Stone Terms
The Stone terms, derived by AP Stone are relativistic recoil corrections to the orbit-
orbit and spin-orbit interactions. They are the relativistic analogues to the mass
polarization term in the nonrelativistic three body Hamiltonian of finite nuclear mass.
To derive the Stone terms, we perform a coordinate transformation to the centre-of-
mass frame as was done in Eq.(2.2) and Eq.(2.3).
Substituting the transformed coordinates into the orbit-orbit Hamiltonian H2 gives
the Stone 2 term ∆2.
∆2 =
1
2
Zα2
( µ
M
)[ 1
r2
(∇1 +∇2) · ∇1 + 1
r31
~r1 · [~r1 · (∇1 +∇2)]∇1
]
+ (r1 ↔ r2) (A.7)
[26]
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Performing the same substitution into the spin-orbit interaction H3 gives rise to the
Stone 1 term
∆1 = Zα
2
( µ
M
)[ 1
r31
(~r1 × ~p2) · ~s1 + (r1 ↔ r2)
]
(A.8)
[26]
which has the same form as the spin-orbit interaction. For the 2 3S state, ∆1 = 0
because the spin-orbit contribution is zero and is thus ignored. The Stone term is then
just HStone = ∆2.
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